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p-TORSION ELEMENTS IN LOCAL COHOMOLOGY 

MODULES II 

ANURAG K. SINGH 



C^^ ! 1. Introduction 

Gennady Lyubeznik conjectured that if i? is a regular ring and a is an 
r) • ideal of R, then the local cohomology modules H^{R) have only finitely 

■^ . many associated prime ideals, |Lyll Remark 3.7 (iii)]. While this conjecture 

(-H i remains open in this generality, several results are now available: if the reg- 

ular ring R contains a field of prime characteristic p > 0, Huneke and Sharp 
showed in |HSj that the set of associated prime ideals of H\{R) is finite. If 
-R is a regular local ring containing a field of characteristic zero, Lyubeznik 
showed that H\{R) has only finitely many associated prime ideals, see |Lyl| 
^ \ and also |Ly2[ |Ly3| . Recently Lyubeznik has also proved this result for 

unramified regular local rings of mixed characteristic, |Ly4| . 

cr^ ' In |Huj Craig Huneke first raised the following question: for a Noetherian 

p^ . ring i?, an ideal ad R, and a finitely generated -R-module M, is the number 

Tjlj- , of associated primes ideals of H^JyM) always finite? For some of the work on 

O \ this problem, we refer the reader to the papers |BH IBE,S[ IHej in addition to 

,-^ ' those mentioned above. In [SIj we constructed an example of a hypersurface 

C^ ' R for which a local cohomology module H^{R) has p-torsion elements for 

f^ . every prime integer p, and consequently has infinitely many associated prime 

^ I ideals. Since this is the only known source of infinitely many associated 

L> I prime ideals so far, it is worthwhile to investigate whether similar techniques 

\^ • may yield an example of a regular ring R for which a local cohomology 

module WJ^R) has p-torsion elements for every prime integer p. This leads 

to some very intriguing questions as we shall see in this paper. Our results 

thus far support Lyubeznik's conjecture that local cohomology modules of 

all regular rings have only finitely many associated prime ideals. 

Let iZ be a polynomial ring over the integers and -Fj, Gi be elements of R 
for which 

FiGi + F2G2 + ■■■+ FnGn = 0. 
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Consider the ideal a = (Gi, . . . , Gn)R and the local cohomology module 

R 



H^{R) =lim- 



{G1,...,G^)R 

where the maps in the direct limit system are induced by multiplication by 
the element Gi ■ ■ ■ Gn- For a prime integer p and prime power q= p^, let 

^ _{FiGiY + --- + {FnGnY 

Aq — . 

p 

Note that has Xq has integer coefficients, i.e., that A^ € R. Consider 
7?, = [A, + (G?, . . . , Gl)R] G Hl{R) = hm ^ 



{Gl...,Gi)R 

It is immediately seen that prjq = and so if rjq is a nonzero element of 
H'^(R), then it must be a p-torsion element. Hence if the local cohomology 
module H^{R) has only finitely many associated prime ideals then, for all 
but finitely many prime integers p, the elements ijq as constructed above 
must be zero i.e., for some A: G N, we have 

Xq{Gi---Gn) G (G]^ ,...,G^ )R. 

This motivates the following conjecture: 

Conjecture 1.1. Let i? be a polynomial ring over the integers and let 
Fi,Gi G i? such that 

FiGi + • • • + FnGn = 0. 

Then for every prime integer p and prime power q = p^, there exists /c G N 
such that 



We shall say that Conjecture II. II holds for Gi, . . . , Gn G R, if it holds for 

n 

all relations > FiGi = with Fi, . . . ,Fn ^ R. 

Remark 1.2. The above conjecture is easily established if n = 2 since in 
this case we have FiGi + F2G2 = and so 

(FiGi)" + (F2G2)'? _ (FiGi)'? + (-F1G1)'? _ /(FiGi)'? ifp = 2, 
P P \o if P / 2, 

which is an element of (G^, G2)R- 
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Example 1.3. The hypersurface example. Coniecture ll.ll is false if the 
condition that R is a polynomial ring over the integers is replaced by the 
weaker condition that the ring i? is a hypersurface over the integers. To see 
this, let 

R = Z[U, V, W, X, Y, Z]/{UX + VY + WZ) 

and a denote the ideal {x, y, z)R. (We use lowercase letters here to denote 
the images of the corresponding variables.) Consider the relation 

ux + vy + WZ = 

where, in the notation of Conjecture 11.11 Fi = u, F2 = v, F3 = w and 
Gi = X, G2 = y, G3 = z. By means of a multi-grading argument, it is 
established in EH §4] that 

p 

Consequently Conjecture 11.11 does not hold here even for the choice of the 
prime power q = p. This is, of course, the example from [SIj of a local coho- 
mology module with infinitely many associated prime ideals: more precisely, 
for every prime integer p, 

' {ux)P + {vy)P + {wz )P 
p 

is a nonzero p-torsion element. 



+ {xP,yP,zP)R 



e Hfx,y,z)iR) 



Conjecture 1.4. We record another formulation of Conjecture 11.11 Let 
Fi, Gi be elements of a polynomial ring R over the integers such that 

FiGl + ■■■ + FnGn = 0. 

Let a denote the ideal (Gi, . . . , G„) of R. For an arbitrary prime integer p 
and prime power q = p^, we have 

{FiGiY + ■ ■ ■ + (FnGnY = modp 

which is a relation on the elements Gi, . . . , G„ G R/pR, where denotes 
the image of an element of R in the ring R/pR. This relation may be 
viewed as an element Hg £ H^~^{R/pR). Coniecture ll.ll is equivalent to the 
conjecture that this element fig is in the image of the natural homomorphism 
H^-\R) ^ H^-\R/pR). 

To see the equivalence of these conjectures, suppose 



^,g € Image (^H:^-HR) ^ K-\RlpR) 



Then the relation {Fi, . . . , F„) on the elements G^, . . . , G„ G R/pR lifts to 
a relation in H'^~^{R), i.e., there exists an integer k and elements ai G R 
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such that 

aiG?+^ + --- + a„G9+^ = and 

ai = F^{Gi ■ ■ ■ G^^lGi+l ■ ■ ■ Gn)^ mod p for all l<i<n. 

Hence we have 

{FiGlY + --- + {FnGnf){Gl...Gnf 

= {F^Gl ---Gi- a{)G\^^ + ■■■ + {F^G\ ■ ■ ■ G^, - a^)^^' 

e[pGl+\...,pGr-')R, 



(FiGi)5 + --- + (F„G„; 
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and so Alir±^ ^lZini^(G, . . . G^)k ^ J^^^+fe^ _ _ _ ^ Gl+'')R. 

The proof of the converse is similar. 

Remark 1.5. We next mention a conjecture due to Mel Hochster. While 
this was shown to be false in [SIj, our entire study of p-torsion elements 
originates from this conjecture. 

Consider the polynomial ring over the integers R = Z[ti, v, w, x, y, z] where 
is the ideal generated by the size two minors of the matrix 



\x y z 

i.e., a = (Ai, A2, As)/? where Ai = vz — wy, A2 = wx — uz, and A3 = 
uy — vx. In the ring R we have uAi + «A2 + wA^, = 0. The relation 

(uAiY + (vAa)'^ + (wAsy = mod p 

may be viewed as an element ^q € H^{R/pR). Hochster conjectured that 
for every prime integer there exists a choice of q = p'^ such that 



/i, ^ Image (^hI{R) ^ Hl{R/pR) 



and consequently that the image of ^q in H^{R) is a nonzero p-torsion ele- 
ment of H^{R). In ^ we constructed an equational identity which provided 
us with an element of H'^{R) that maps to ^q G H^{R/pR). While we refer 
the reader to [SIl for the details of the construction, we would like to provide 
a brief sketch. 
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Consider the following equational identity: 

k 



+Af +1/+1 Y, f ^) y" X^(-l^' fk + i\fk + n-i 



n=0 

k 



n 



j=0 

n 



k 



k 



^iyrr-i^k-i^k-n+i 



i„,,n—i A k—i \ k—n+i 



u*w;"-*A^-*A^ 



k 



'1 ^2 



n=o ^""^ i=0 
= 0. 



As it is a relation on the elements A^ ^ this identity gives us, for every 
A; G N, an element 7^ S H^{R). Using k = q—1 and examining the binomial 
coefficients above mod p, we obtain 

(^{uAi)" + (z^Aa)" + {wA^y^ (Ai AaAg)'"^ = mod p. 

Consequently 7^-1 1-^ ^q under the natural homomorphism 

Hl{R) ^ Hl{R/pR). 

n 

Proposition 1.6. // Coniecture \l.l\ is true for the relations 2,EiGi = 

j=0 

n 

d 2,PiGi = where Ei,Fi,Gi £ R = 7j[Xi, . . . ,Xm], then it is also 



ari' 



i=0 



true for the relation > {sEi + tFi)Gi = in S = 1j[Xi, . . . , Xm, s, t]. More 



i=0 



precisely, if for a prime power q = p'^, there exists ki,k2 € N such that 
(EiGi)» 



.1=0 



E 

.j=0 



(FiGi)^ 



p 



(Gi ■ ■ ■ Gn)''' e {GI+''' ,..., G«+^i j R and 

(Gl•••G„)'=^G(Gf'^...,Gr'=^)i^, the 

(Gl•••G„)^efG?+^...,G^'=)5 



len 



E 



{sEi + tFi)iGf 



p 



.i=0 

for k = max{A;i, ^2}- 

We leave the proof as an elementary exercise. 
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2. A SPECIAL CASE OF THE CONJECTURE 

In Theorem 12 . 1 1 b elow we prove what is perhaps the first interesting case 
of Coniecture ll.il 

Theorem 2.1. Let R be a polynomial ring over the integers and Fi,Gi be 
elements of R such that Fi , F2 , F3 form a regular sequence in R and 

FiGi + F2G2 + -F3G3 = 0. 

Let q = p^ be a prime power. Then for k = q — 1 we have 

{FiGiY + {F2G2Y + {F^G-jy Q G-)^ G (G'^^^ G''^'' G'^^'')R 

Remark 2.2. In Hochster's conjecture discussed earlier, the relation under 
consideration is uAi + t;A2 + wA^, = and the elements u,v,w certainly 
form a regular sequence in the polynomial ring R = Z[u,v,w,x,y,z]. 

Proof of Theorem A2. 1[ Since F3G3 € {Fi,F2)R and ^1,^2,^3 form a regular 
sequence, there exist a,(3 £ R such that G3 = aFi + PF2. In [Si| §2, 3] we 
showed that in the polynomial ring 7j[A, B, T] 

p L J 

is an element of the ideal 

{A + By+''{T,A)''{T,B)'' + A'^+''{T,B)''{T + B,A + B)'' 

+ B'^+\T,A)''{T-A,A + B)^ 

when k = q — 1. We shall use this fact with A = —F2G2, B = — F3G3 and 
T = /3F2F3. Note that this gives A + B = FiGi, T + B = -aFiF^, and 
T — A = —FiGi — aFiF^. Consequently 

{FiGiY + {F2G2Y + [F^G^ 



p 
is an element of the ideal 



F1G1F2G2F3G3 



{FlGiY (i*2-^3i F2G2) {F2F^, F3G3) 

+ {F2G2y+HF2F3, F3G3)'^(FiF3, FiGi)'' 
+ (F3G3)^+'=(F2F3, F2G2)HFiGi + aFiF3, F^Gif 

c (FlF2F3)'=(G?+^ Gf ^ gi^^). 

The required result follows from this statement. D 
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3. A Plucker relation 
One of the main goals of [SIl was to settle Coniecture 11.11 for the relation 

u{vz — wy) + v{wx — uz) + w{uy — vx) = (1) 

in the polynomial ring 'L[u,v,w,x,y,z\. This was accomplished by estab- 
lishing that for every prime integer p and q = p^ we have, for A; = g — 1, 

— [u'^{vz — wyY + v'^{wx — uzY + w'^{uy — vxY] 
p 

X [{vz — wy){wx — uz){uy — vx)] 

£ ({vz-wyY"^^, {wx-uzY^'^, {uy - vxY^^ 

The syzygy of the matrix [vz — wy wx — uz uy — vx) is 




but, by symmetry, Coniecture 11.11 also holds for the relation 

x{vz — wy) + y{wx — uz) + z{uy — vx) = 0. (2) 

In the light of Proposition 11.61 this gives us the following: 

Theorem 3.1. Coniecture \l.l\ holds for 

Ai = vz — wy, A2 = wx — uz, A3 = uy — vx G R = 7,[u,v,w,x,y,z], 

i.e., if Fi,F2,F3 G R satisfy F1A1+F2A2 + F3A3 = then for any prime 
power q = p^ we have, for k = q — 1, 

{F,A,)^ + (F2 A2)^ + jFsA,)'^ (Ai A^As)^ G (A^', A^^ A^+^)i2. 

By taking a combination of (1) and (2) above, we get the relation 

{vz — wy){ut — xs) + {wx — uz){vt — ys) + {uy — vx){wt — zs) = 

in i? = Z[s, t, u, v, w, X, y, z]. This is, of course, the Pliicker relation 

-A34A12 + A24A13 - A23A14 

where Ajj is the size two minor formed by picking rows i and j of the matrix 

'^s u V w 
t X y z 
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The syzygy of the matrix (ut — xs vt — ys wt — zs) is 

^vz — wy —wt + zs vt — ys 

wx — uz —wt + zs —ut + xs 

^uy — vx vt — ys ut — xs 

Since the Koszul relations are easily treated, the following theorem shows 
that Conjecture 11.11 holds for ut — xs, vt — ys, wt — zs. 

Theorem 3.2. Consider the Pliicker relation 

{vz — wy){ut — xs) + {wx — uz){vt — ys) + {uy — vx){wt — zs) = 

in the polynomial ring R = 'Ij[s,t,u,v,w,x,y,z]. Then for k = q — 1, we 
have 

- [{vz — wy)'^{ut — xs)'^ + {wx — uz)'^{vt — ys)'^ + {uy — vx)'^{wt — zs)"^] 

X [{ut - xs){vt — ys){wt — zs)]*^ 

E ((ut-xs)5+^ (^;i-ys)5+^ (tot - zs)''+^)i?. 

Towards the proof of this theorem, we first record some identities with 
binomial coefficients. These identities can be proved using Zeilberger's al- 
gorithm (see |PWZj ^ and the Maple package EKHAD, but we include proofs 
for the sake of completeness. 

When the range of a summation is not specified, it is assumed to extend 

over all integers. We set ( . I = if i < or if /c < i. 



Lemma 3.3. 



<') E(-r(":!r')(r-:) 



(-irl'-r)' ^f m<k-s, 

else. 



Proof. (1) Let 



F(s,n) = (-1)" '"' + '' 

m — n 



')(':")• «(»)=E^(».")' 



and G{s,n) = {—l){k + 1 — n)F{s,n). It is easily verified that 
G{s,n + I) {—l){m — n){r — n) F{s + l,n) m + s + 1 — r 

G{s,n) (A; + 1 — n)(s — r + n + 1) ' F{s,n) n + s + 1 — r' 

and these can then be used to obtain the relation 

(s + l)F{s + 1, n) - (m + s - k)F{s, n) = G{s, n + 1) - G{s, n). 
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Summing the above equation with respect to n gives 

(s + l)H{s + l)-{m + s- k)H{s) = 0, 
and using this recurrence relation for H{s) we get 

H{s) = i^-k + s-iy--{m-k)^^^^_ 

The result now follows since H{0) = (— 1)*^. 

(2)LetF(r) = (-lY(^^~'']( "^ ] and G(r) = (2k+l-r)(r-s)F(r). 
\m — IJ \r — sj 

It is a routine verification that 

G{r) - G{r + 1) = m{2k + 1 - m - s)F{r). 
Consequently if 1 < m < 2/c — s then 

^ ^<'' = M2k+l-r.-s> ^ («('■' - GC- + D) = «■ 

D 
We use the above results to establish the following equational identity: 
Lemma 3.4. 

^ ^p /2k + 1 - r\ /A; - n\ T "" _ Y)'^(Y - _^)2fc+i-r-nyr^r 

^^\ n l\r-nl 2k + l-r^ '^ ' 

r=On=0 ^ / \ / ' 

^ /U\ rpk — S 






s=0 

Proof. Comparing the coefficients of T , we need to show that 

A ^ (-l)"-''+Y2A: + l-r\ /A;-n\ / n 
^—^ ^-^ 2A; + 1 — r \ n l\r — nl\r — s 

\2k+l~r~nvn+s yr _ ( — 1) ( '^\ (^2k+l rys y2k+lvs\ 



^ ' 2k + l-s\sr '' 



i.e., that 






k r 
r=s n=r—s 


(-1)"- 


-r 


2k + l- 


- r 



2k + 1 — r\ /k — n\ / n 
n I \r — n I \r — s 



^ ' ~ 2k + l-s\s)^ '' 
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The coefficient of y"2^2fc+i-s-m ^^ ^^iq expression on the left hand side is 

(^_l^n+m+i /2k + l-r-n\f2k + l-r\fk-n\f n \ 
^-^ 2A; + 1 — r\ m — n J \ n J x''' ~ "nj \r — s) 

sr^ (-ir+^ / m \f2k + l-r\s-^fm + s-r\^k-n\ 
^-^ 2/c + 1 — r \r — sy \ m j ^-^ \ m — n J \r — nj 

which we denote by 7m, s- Note that jrn,s = unless m<k — soim>k + l 
(— 1)"| I I I = for such m by Lemma ESI (!)• 



We next consider the case m < k — s. It follows from Lemma l3.3l fl) that 
.iyn+i+r~s / ^ \/2k + l-r\[k-m> 



In 



E 



2/c + 1 — r \r — sj\ m 



If ?Ti = 0, then the only term that contributes to this sum is when r = s, 

-1 fk\ 

and we get 70 s = ( I ■ We may now assume 1 < m < k — s and 

2fc + 1 — s \sj 

then 



m \ s J ^-^ \r — sj\m—l 

\ ' r 



by Lemma ESI (2). 

For m > A; + 1, LemmaESl (1) gives 

_ ^ (_i)m+i+r' / ^ \ /2A; + 1 - r\ /m + s - A; - 1\ 
7m,s - 2^ 2A:+l-r V^ - sj V ^ )\ « ) 

_(-l)^/m + s-A;-l\^ / m \f2k-r 

m \ s J ^-^ \r — s) \m — 1 

By Lemma [3 .31 (2) , this is zero \im <2k — s. If m = 2A; + 1 — s the only term 

1 (k 

that contributes to this sum is when r = s, and j2k+i 



""'^ 2k + l-s\s, 
D 



This lemma enables us to establish the following crucial identity: 
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Lemma 3.5. 

k r 



fc + 1 |^2/c + 1 - r^| fk - n^ ^fc_ 

r=0 n=0 



n 



r — n 






+ Z2^'+^(T - XY{X - y)2fc+l-r-njsi^ry^ 



Proof. Using Lemma l3.4| the left hand side in the equation equals 
k 



s=0 



Y2k+1 fy2k+l ys _ y2k+lys\ 



^sj 2k + l- S^ 

I -Y2k+1 1 y2k+l -y- s •y-2k+l ys\ _, ^2A;+1 / T^2fc + lT^s _ T^2fc + 1 t^s 



0. 



n 



Proof of Theorem VJ.iA Since A; = g — 1, we have (A; + l)/i2k + 1 — r) = 
q/{2q — 1 — r). For < r < g — 2, if q/{2q — 1 — r) = a/6 for relatively 
prime integers a and 6, then p divides a since g + l<2g — 1 — r<2g — 1. 
Consequently there exists an integer d € Z such that d is relatively prime 
to p and 

^^ G Z for ah < r < g - 1. 

2g — 1 — r 

After replacing d by a suitable multiple, if necessary, we may assume that 

d = 1 mod p. Using Lemma 13.51 with 



X 



t X 



s u 



Y 



t y 



S V 



Z 



t z 



s w 



we get 








Ay- k + 1 / 
^^2A; + l-rV 

r=0 n=0 ^ 


2k + l-r\/k- 
n J\r- 


n\ 
nj 




X 


Uut-xsy-"' 


fy\^ /va: — wy^ 
\v/ \ vw J 


2fc+l- 


-'"'' fvt-ysV fwt-zsV 


\ su J 


\ sv J \ sw J 


/^t_y,yfc+i 


/ z \" (wx — uz 


. 2fe+l 


-'-'' /wt-zsV /ut-xsV 


\ sv J 


\wJ y wu 


y sw J y su J 




fwt-zsy^' 


/x\" /uy — vx^ 

\UJ \ UV y 


2fc+l- 


''-'' /ut-xsV /vt-ysV' 


\ sw J 


{ su J { sv J _ 



0. 
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Multiplying by ds^^^^ {uvwy^~^^ clears denominators, and gives us the equa- 
tional identity (with integer coefficients): 

A ^ d{k + l) /2/c + 1 - r\ /k - n\ ,„, 

fr'o^o^k + l-ry n J\r-nJ "• ^ 

{ut - xsf''+\wyr{vz - wyf''+^-'-''{vt - ysfiwt - zsf 

+ {vt - ysf+'^iuzyiwx - uzf^+^-'-''{wt - zsY{ut - xsY 

+ {wt-zsf''+\vxY{uy-vxf''+^~'-''{ut-xsY{vt-ysY =0. 

Note that for 0<r<k = q — 1 and < n < r, 

d{k + 1) f2k + 1 — r\ fk — n\ _ J 1 mod p, ii r = k and n = 0, 



2A; + l-rV n J\r-nJ j^Q mod p, else. 
Consequently we get 

(ut - xsY''^'^{vz - wyf^^ivt - ysfiwt - zsf 
+ {vt - ysf^^^{wx - uzf^^iwt - zsfiut - xsf 
+ {wt - zsY^^^{uy - vxY'^^{ut - xsY{vt - ysf 

G (p{ut - xsY''+\ p{vt - ysY''+\ p{wt - zsf^+^^R. 
Finally, this shows that 

-[{vz — wyY{ut — xsY + {wx — uzY{vt — ysY + {uy — vxY{wt — zsY] 
X [{ut - xs){vt — ys){wt — zs)]'' 

G ((nt-xs)«+^ (^;t-ys)«+^ {wt - zsY+''^R. 

D 
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